V- REPRESENTATION FOR NORMALITY EQUATIONS 
in geometry of generalized Legendre transformation. 
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Abstract. Normality equations describe Newtonian dynamical systems admitting 
normal shift of hypersurfaces. These equations were first derived in Euclidean geo- 
metry. Then very soon they were rederived in Riemannian and in Finslerian geometry. 
Recently I have found that normality equations can be derived in geometry given by 
classical and/or generalized Legendre transformation. However, in this case they 
appear to be written in p-representation, i. e. in terms of momentum covector and 
its components. The goal of present paper is to transform normality equations back 
to v-representation, which is more natural for Newtonian dynamical systems. 



1. Newtonian dynamical systems 
in velocity and momentum representations. 

Traditionally first section of a paper is introduction. However for this paper it 
would be rather large. The matter is that theory of Newtonian dynamical systems 
admitting normal shift was discovered and was initially developed by me and my 
students (see papers [1-14] and theses [15] and [16]). Last few years it is developed 
by me alone (see papers [17-26]). In order to make easy reading my paper for people 
incognizant of this theory I have broken introductory information into several parts, 
each with its own title. In sections 1-5 below I give all necessary definitions along 
with historical overview, and I resume in brief results of previous paper [26] . 

Newtonian dynamical system describes the motion of mass point with unit mass 
according to Newton's second law. It is given by ordinary differential equations 

x l = v\ *'=**, (1.1) 

where $ l = $ J (ar, . . . ,x n , v 1 , . . . ,v n ). In geometric interpretation of differential 
equations (1.1) variables x , ... , x n are interpreted as coordinates of moving point 
p = pit) of some n-dimensional manifold M in a local chart of this manifold. 
Variables v 1 , . . . , v n are components of velocity vector v tangent to M at the point 
p = p(t). Pair q = (p, v) composed by a point p G M and by some tangent vector 
v G T p (M) is a point of tangent bundle TM. In such interpretation dynamical 
system (1.1) describes not only a moving mass point, but arbitrary mechanical 
system with holonomic constraints, i. e. any machine with numerous moving parts 
joined by cardan joints, thumbscrews, tooth gearings and so on (see details in 
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Chapter II of thesis [15]). In mechanics base manifold M is called configuration 
space, while tangent bundle TM is called phase space. 

In some cases cotangent bundle T*M is used as phase space of dynamical system. 
Its point q — (p,p) is a pair of point pel and momentum covector p G T*(M). 
Hamiltonian dynamical systems form an example: 



x = 



dH 

dpi ' 



Pt = - 



dH 

dx % ' 



(1.2) 



Here H = H(x 1 , . . . ,x n ,pi, . . . ,p n ) is Hamilton function. Each Hamiltonian dy- 
namical system (1.2) is related to some Lagrangian dynamical system 



x' = v', 



d (dL 
It Vdtf 



dL 

dx l 



(1.3) 



with lagrange function L = L(x 1 ,... ,x n ,v 1 ,... ,v n ). Dynamical systems (1.2) 
and (1.3) are related to each other by means of Legendre transformation A and its 
inverse map A -1 (see book [27] for more details): 



A: TM — > T*M, A -1 : T*M — > TM. 

Nonlinear fiber-preserving maps (1.4) are given by formulas 



(1.4) 



Pi 



dL_ 



dH 
dpi ' 



(1.5) 



Note that if Legendre transformation (1.5) is diffeomorphic (at least locally), 
then (1.3) is a special case of Newtonian dynamical system (1.1). Indeed, functions 
<f>* for (1.3) are determined implicitly through Lagrange function L: 



y — v s + y d J± & 



s = l 



dL 

dx % 



However, not all Newtonian dynamical systems (1.1) can be represented in La- 
grangian form (1.3). Therefore in [26] we considered more general fiber-preserving 
maps (1.4). We keep symbols A and A -1 for them. First is given as follows: 



' pi =L 1 (x 1 ,... ,x n ,v 1 ,... ,v n ), 

^ Pn = L-aix 1 , ... ,X n ,V 1 ,... ,V n ). 



(1.6) 



Fiber preserving map A : TM —> T*M given by functions (1.6) is called generalized 
Legendre transformation. Inverse map is given by functions 



V 1 (x\ . . . ,x n , Pl , . . . ,p n ), 

■V n (x\... ,X n , Pl ,... , Pn ). 



(1.7) 
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For the sake of simplicity we shall assume generalized Legendre maps (1.4) given 
by functions (1.6) and (1.7) in local chart to be establishing diffeomorphism of TM 
and T*M such that zero maps to zero in each fiber of these two bundles. 

Now let's treat (1.7) as change of variables. Substituting (1.7) into differential 
equations (1.1), we can transform them to the following ones: 

x l = V l j> l = Qi. (1.8) 

Here functions V 1 = V l (x 1 , . . . ,x n ,pi, . . . ,p n ) are given by (1.7), while functions 
6* = Q l (x 1 , . . . ,x n ,pi, . . . ,p n ) form another set of n functions. They are deter- 
mined implicitly through function ... , $™ in (1.1) by the following equation: 

^^^S^+E? 9 - (1-9) 

Z_. dx s z_. dps 

If the equations (1.9) are fulfilled, then both (1.1) and (1.8) express the same 
dynamics, but in different representations: (1.8) is called momentum represen- 
tation or p-representation for Newtonian dynamical system (1.1), while (1.1) is 
called velocity representation or v-representation for Newtonian dynamical 
system (1.8). Concluding this section, note that (1.9) can be written as 

s=l s=l 

Formula (1.10) is more explicit with respect to functions 9i, ...,©„ in (1.8). 

2. Extended tensor fields. 

Extended tensor fields are closely related to generalized Legendre maps (1.4). 
Indeed, functions (1.6) are components covector L C T*(M). However, unlike to 
components of traditional covector field, they depend not only on coordinates of 
point p £ M, but also on components of velocity vector v £ T p (M). Pair q = (p, v) 
is a point of TM . Therefore L is extended covector field in v-rcprcsentation (sec 
definition below). In a similar way, functions (1.7) are components of extended 
vector field V in p-representation. 

At each point p of base manifold M one can define tensor space TJ(p, M). This 
is the following tensor product of several copies of T p (M) and T*(M): 

r times 

T r s {p, M) = T P (M) ® . ® T p {M)® T;(M) ® . . . ® T p *(M) . (2.1) 

S v ' 

s times 

Definition 2.1. Extended tensor field X of type (r, s) in v-representation is a 
tensor- valued function X = X(q) with argument q = (p, v) in tangent bundle TM 
and with values in tensor space (2.1), where p = ir(q). 

Definition 2.2. Extended tensor field X of type (r, s) in p-representation is a 
tensor-valued function X = X(g) with argument q = (p,p) in cotangent bundle 
T*M and with values in tensor space (2.1), where p = n(q). 
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Each extended tensor field can be transformed from v to p-representation and 
back from p to v-representation by changing its argument. We use generalized 
Legendre maps (1.4) for this purpose. Extended covector field L and extended 
vector field V defining these two maps are also examples of extended tensor fields 
in v and p-rcpresentations respectively. Like traditional tensor fields, extended 
tensor field X in local chart are represented by its components: 

n n n n q q 

x = E-E ll---ll x t:X^®---®Q-r r ® dxh ®---® dxjs - 

ii=l i r =lji = l j 3 =1 

Definition 2.3. Extended tensor field X is called smooth if its components in any 
local chart of the manifold M are smooth functions of their arguments. 

Let's denote by TJ(M) the set of smooth extended tensor fields of type (r, s) 
either in v or in p-representation. They form a module over the ring of smooth 
scalar functions in TM or in T*M, we denote these rings by #(TM) and #(T*M) 
respectively. Then we can define the following direct sum: 

T(M) = 00W (2.2) 

This direct sum (2.2) is a graded algebra over one of these two rings. It is called 
extended algebra of tensor fields. In T(M) we have all standard tensorial 
operations like summation, multiplication by scalars, tensor product, and contrac- 
tion. Apart from these algebraic operations, in T(M) we have canonical vertical 
differentiation V. In v-representation it can be defined by the following formula: 

VkXfzl = (2.3) 
For extended tensor field X in p-representation we have formula similar to (2.3): 

dX il "' ir 

V A ' ' {2A) 

Canonical vertical differentiation does not commute with generalized legendre trans- 
formation A. Here we have the following relationships: 

n 

^■Kz\ Y.^.-^Kz'., A ') A - (2-5) 

q=l 
n 

v^i 1 :::}; = E(5 9fe ° A_1 ) ■ » a) » a- 1 . (2.6) 

By g q k and g qk in (2.5) and (2.6) we denote Jacobi matrices for maps (1.4): 

g gk = V k L q , g* k = V k Vi°\. (2.7) 
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Matrices (2.7) are inverse to each other in the sense of the following equalities: 

n n 

Y,9 8r 9rk = Sl Y,9kr9 rs =^l (2.8) 

r— 1 r—1 

Extended tensor fields (2.7) are non-symmetric. But nevertheless, looking to (2.5), 
(2.6), and (2.8), we conclude that they are analogs of metric tensor and dual metric 
tensor in Ricmannian geometry. 

3. Extended connections 
and horizontal covariant derivatives. 

Normality equations we are going to study below are written in terms of covariant 
derivatives (see [26]). Apart from (2.4), there another covariant derivative is used. 
When applied to extended tensor field X in p-representation, it acts as follows: 

p>yii...i r n n f)X il ' ir 

a=lb=1 (3.1) 

r n s n V / 

i \ \ I ' yii...a k ...i r \ ^ \ ^ I vii i r 

Z^ Z^ "' 3s Z^ Z-^i mik ji-..b k ...j s - 

k=l a k = l k=l b k = l 

Here T^- are components of some extended affine connection 1 in p-representation: 

It ?W '•"•/'! P»). (3-2) 

Covariant differentiation V in T(M) determined by extended affine connection 
(3.2) in formula (3.1) is called horizontal covariant differentiation. It is not 

canonical since it depends on the choice of T. Now we shall not discuss the concept 
of extended affine connection (see [26] and Chapter III of thesis [15]). Note only 
that by means of generalized Legendre map A we can transform its components 
(3.2) to v-representation: — > r*. °A. Then we have 

T%=Y%{x\... ,x n ,v\... ,v n ). (3.3) 
Using (3.3), one can define horizontal covariant differentiation in v-representation: 

fivii-ir n n ayii...i r 
V7 yii-tr _ h- -3s rr.,»r> ji-.-Ja i 

Vm :7i-.7a - Q x m 2-^2-^" i ™ Q v b + 

a=lb=1 ' (3.4) 

r n s n / 
I \ ^ \ 1 -pik yii-..a k ...i r _ \ " \ 1 -pb k i r 

Z^ Z^ ma fc ii js Z^ Z^ ..- . / '. .. ./ ■ 

fc=l a k = l k=lb k = l 

Horizontal covariant differentiation V also does not commute with generalized Le- 



1 Below we consider only symmetric connections rj. = T^. This is sufficient for our purposes. 
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gcndre map A. Here for differentiation V we have the following relationships: 

+ E^ , '^::i/ A ) or1 ' (3 ' 5) 

9=1 

+ f:V m L 9 .V^ ::: -oA- 1 )oA. (3 - 6) 

5=1 

These relationships (3.5) and (3.6) for V are analogs of relationships (2.5) and (2.6). 

4. Force vector and force covector 
of Newtonian dynamical system. 

Note that functions ^(x 1 ,... 1 x n ,v 1 ,... ,v n ) in (1.1) are not components of 
vector field even if we understand it in the sense of definition 2.1. Similarly, func- 
tions &i(x 1 , . . . , x n ,pi, . . . ,p n ) in (1.8) are not components of covector field in the 
sense of definition 2.2. We can change this situation if we choose some symmetric 
extended affine connection T. Using components of T in v-representation (3.3), we 
replace time derivative v l in (1.1) by covariant time derivative 

n n 

v^ = ^ + ^^r>'V\ (4.i) 

3=1 k=l 

In a similar way we replace time derivative p\ in (1.8) by covariant time derivative 

n n 

v tP i=Pi-J2T, T ij vj p><- ( 4 - 2 ) 

3=1 k=l 

For this purpose we need components of T in p-representation (3.2). Relying upon 
(4.1) and (4.2) we replace functions <I> 1 and Qi by functions F l and Qi as follows: 

n n 

F^^ + ^^rjfc^A (4.3) 

3=1 k=l 
n n 

3=1 k=l 

In terms or these newly introduced functions (4.3), (4.4) and covariant derivatives 
(4.1), (4.2) differential equations (1.1) and (1.8) are rewritten as 

x l = v\ V t v l = F\ (4.5) 

x* = V\ V*Pi = Qi. (4.6) 

We say that (4.5) and (4.6) are tensorial form of differential equations of Newtonian 
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dynamics in v-representation and p-representation respectively. Indeed, functions 
p% _ ^ ; s n ) v 1 ,. . . , v n ) in (4.5) are components of extended vector field 

F. It is called force vector of Newtonian dynamical system (4.5). Functions 
Qi = Qi{x 1 1 ■ ■ ■ ,x n ,v 1 , . . . ,v n ) represent extended covector field Q. It is called 
force covector of Newtonian dynamical system (4.6). 

5. Normal shift and normality equations. 

In Euclidean and in Riemannian geometry normal shift is a continuous deforma- 
tion of hypersurface when each its point moves along some trajectory and moving 
hypersurfacc in whole keeps orthogonality to trajectories of all its points. This 
means that normal vector of moving hypersurface is always collinear to tangent 
vector of shift trajectory. The same is true in Finslerian geometry (see Chap- 
ter VIII of thesis [15]). In non- metric geometries one cannot define normal vector 
of hypersurface. But here one can define normal covector. This is key idea of 
papers [24], [25], and [26]. Let a be some hypersurface in M and let p G a be a 
point of a. Then T p (a) is a hyperplane in tangent space T p (M). Denote by n any 
nonzero covector in T*(M) whose null-space coincides with T p (<r): 

7» = {X6T p (P):<n|XH0}. (5.1) 

By angular brackets in (5.1) we denote scalar product of vector X and covector n: 

n 

(n\X)=J2n i X i . (5.2) 

i=i 

Covector n = n(p) is determined by the condition (5.1) uniquely up to some nonzero 
scalar factor: n — > v-w. It is called normal covector of hypersurface a at the point 
p. One can choose n = n(p) to be smooth covector function on a (at least locally 
in some neighborhood of any point). Now we can associate with a the following 
initial data for Newtonian dynamical system (1.8) in p-representation: 

x l \ = x i (p), pA =v(p)-n l (p). (5.3) 

lt=0 lt=0 

Let's fix some point po € a. Smooth normal covector n = n(p) of hypersurfacc 
a is defined in some neighborhood of the point po- For scalar factor v = v{p) in 
(5.3) we shall assume it to be smooth nonzero function in some possibly smaller 
neighborhood of the point po normalized by the condition 

v(po) = v , (5.4) 

where v a ^ is some arbitrary predefined constant. We can apply initial data (5.3) 
to Newtonian dynamical system given either by differential equations (1.8) or (4.6). 
This initiates motion of hypersurface <r (or its smaller part including our fixed point 
po) when all points are moving along trajectories of this dynamical system. 

Definition 5.1. Shift of hypersurface a C M along trajectories of a dynamical 
system in cotangent bundle T*M determined by initial data (5.3) is called normal 
shift if normal covectors of all shifted hypersurfaces a t are collinear to momentum 
covector p on shift trajectories. 
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Definition 5.2. Dynamical system in cotangent bundle T*M satisfies strong nor- 
mality condition if for any hypersurface a C M, for any fixed point po G a, and 
for any constant vq ^ there is some open neighborhood of p on a and some 
smooth function v(p) normalized by the condition (5.4) in this neighborhood such 
that it determines normal shift of a in the sense of definition 5.1. 

We say that dynamical system admits normal shift of hypersurfaces in M if it 
satisfies strong normality condition stated in definition 5.2. It is clear that when 
applied to Newtonian dynamical system (4.6), strong normality condition yields 
some restrictions for the functions V 1 , . . . , V n and Qi, . . . , Q n in (4.6). In [26] 
it was shown that these restrictions are written in form of so called normality 
equations for these functions. In order to write them we need to introduce several 
auxiliary extended tensor fields. First is a vector field W with components 

n 

r = ^ Ps v'y s . (5.5) 

s=l 

This vector field is used to define projector- valued operator field P with components 
where ^ is a scalar field defined as scalar product of covector p and vector W: 

n 

0= (p|W) =Y^PsW s (5.7) 
(compare with (5.2)). Next is covector field U. Its components are given by formula 

n 

U i = Q i + Y,V i V'p s . (5.8) 
Formulas for vector field a and covector field (3 are more complicated: 

n n n 

ak = E ^ kyT Ur + E VrWk yr + E ^ r]Vk Qr + 



r—1 r—1 r—1 

n n n n 

+ J2 wr ^ k Qr - E E E^ K wr yq - 

r—1 r—1 8=1 q—1 

n n n 

Pk = E V - Uk ^ + E ^ T ' Uk Qr + J2 U * + 

r—1 r—1 r—1 

n n n n 

E V ^^-EEE ( R rmk V m - D% Q m ) W Ps 



(5.9) 



(5.10) 



r—1 r—1 s—1 m—1 

Here in (5.9) and (5.10) we see components of two curvature tensors D and R: 

D% = -^. (5.11) 
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Tensor D is dynamic curvature tensor. It is nonzero only for extended connections. 
As for tensor R, it is analog of standard curvature tensor: 



8T k F)V k ™ ™ 

r>k _ _ J r _ UL ir | V- pfe pm _ V- pfe y,m , 

3 dx i dxi im 3 r m ir > 

m—1 m—1 

(5.12) 

n n Q^k n n Qj^ k 

m—1 s—1 m—1 s— 1 



Covector field r\ is defined by the following formula for its components: 



Vk=P k -}_^ — ^ — • ( 5 - 13 ) 

s=l 

As it was shown in [26] in multidimensional case n = dim M ^ 3 complete system 
of normality equations naturally subdivides into two parts. First part is formed by 
so called weak normality equations. Relying upon all the above notations (5.5), 
(5.6), (5.7), (5.8), (5.9), (5.10), (5.11), (5.12), and (5.13), now we are able to write 
weak normality equations in a very concise form: 



I> rp " = < £>i£ = 0. (5.14) 

r— 1 r— 1 

Inspecting (5.14) with all the above notations in mind, one can find that weak nor- 
mality equations form a system of In partial differential equations for components 
of two fields: extended vector field V and extended covector field Q. But rank of 
projection operator P is n — 1. Therefore actual number of independent equations 
in (5.14) is equal to 2n — 2. 

Second part of normality equations in multidimensional case n — dim M ^ 3 is 
formed by so called additional normality equations. In order to write them we 
need to use some more auxiliary notations: 

A rs = yrjy* ( 5 15 ) 

n n 

Bl=^U s +Y.H Wk Pr- D k n s- 



m=l fe=l 



V s W r + J2 o U 'Pm, 



(5.16) 



m — 1 



o rs — v r u s y ^ ^ p m 

m—1 

n n / n mq q \ 

-EE E^+y 

k=l q=l \ m=l / 



(5.17) 



Here A rs , B r s , and C rs are components of three extended tensor fields A, B, and 
C respectively. Now, using (5.15), (5.16), (5.17) and keeping in mind all previous 
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notations, we can write additional normality equations as well. They look like 

n n 

^^(A--^)P;Pi=0, (5.18) 

r— 1 s—1 

n n 

Y^kkp; = ^p}, (5.i9) 

r— 1 s=l 

n n 

r—1 s—1 

Here A in (5.19) is a scalar factor. However, it is not a parameter with undetermined 
or deliberate value. Its value is determined by the equation (5.19) itself: 

tr P ^ ^-f n - 1 v ; 

r—1 S—1 

Due to formula (5.21) the equation (5.19) can be written as follows: 

EE^ 5 i p ; = EE frf ^ • (5 - 22) 

r— 1 s—1 r—1 s—1 

Under some additional restriction for generalized Legendre map (see definition 6.1 
in paper [26]) the role of weak and additional normality equations is described by 
the following result (see theorems 8.1, 11.1, and 12.1 in paper [26]). 

Theorem 5.1. Strong normality condition for Newtonian dynamical system (4.6) 
in multidimensional case n ^ 3 is equivalent to complete system of normality equa- 
tions (5.14), (5.18), (5.19), (5.20) that should be fulfilled at all points q = (p, p) of 
cotangent bundle T*M , where p^O. 

Two-dimensional case is an exception. Here we have the following result. 

Theorem 5.2. Strong normality condition for Newtonian dynamical system (4.6) 
in the dimension n — 2 is equivalent to weak normality equations (5.14) that should 
be fulfilled at all points q = (p, p) of cotangent bundle T*M , where p^O. 

Weak normality equations (5.14) and additional normality equations (5.18), 
(5.19), (5.20), as well as the equations (5.22), are written in terms of extended 
tensor fields and covariant derivatives in p-representation. Our goal below is to 
transform all of them to v-representation. 

6. Transformation of projection operator. 

Projection operator P with components (5.6) is present in each normality equa- 
tion. Let's transform it to v-representation. For W % in (5.6) we have 

n n 

W i °\ = J2(Ps°V (V l V s «A) = ^L S g si = L\ (6.1) 

s=l s=l 

Here we used formula (5.5) for W % and notations (2.7). Formula p s °\ = L s is 
quite obvious (see formulas (1.6), where generalized Legendre map A is defined 
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by functions L\, . . . , L n in local chart). By U in (6.1) we denote components 
of extended vector field L dual to extended covector field L with respect to non- 
symmetric extended metric tensor (2.7). 

Now let's transform extended scalar field O that forms denominator of fraction 
in formula (5.6). Applying A to formula (5.7), we derive 

n n 

Q o A = J^iPs ° A) (W s o A) = L s LS = l L l 2 - (6-2) 

8=1 8=1 

For the last sum in (6.2) by similarity we used the same notation |L| 2 as in Rie- 
mannian geometry, though the length of vector L here is understood in the sense 
of extended metric (2.7). Combining (6.1) and (6.2), for components of P we get 

Note that formula (6.3) for P? looks like formula for components of orthogonal 
projector in Riemannian geometry. Writing £1 ° A and P? ° A in (6.2) and (6.3) 
means that we take v-representation of extended tensor fields O and P, which are 
initially in p-representation. But having transformed them to v-representation, we 
can then omit A symbol, i. e. we can write 



n = X>L' = |L| a , P]=5] -£±L^ (6 .4) 

s=l 

assuming both sides of the equalities (6.4) to be in v-representation. Below we shall 
use the same convention for other extended tensor fields U, a, f3, rj, A, B, and C. 

7. Weak normality equations in v-representation. 

Now let's continue transforming tensor fields used in writing weak normality 
equations (5.14). For V^V 5 in (5.8), applying formula (3.6), we derive 

n n 

V lV s = V 4 V S o A + ^L q (V q V s o A) = V,V S = A + ^ V,L q g s ". (7.1) 

q=l q=l 

Left hand side of (7.1) is equal to zero. Therefore we have the equality 

n 

V t V s oX = -Y / V l L q g^. (7.2) 

9=1 

Now we can substitute (7.2) into (5.8). Taking into account (6.1), then we get 

n 

Ui°\ = Qi°\-YL q ViL q . (7.3) 

9=1 



Components of covector field Q in p-representation define Newtonian dynamical 
system (4.6). However, its components in v-representation have no direct relation 
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to (4.5). This means that Qi ° A in (7.3) should be expressed through F % . Combining 
(1.10) with formulas (4.3) and (4.4), we get the following expression for Qi ° A: 

n n n n 

Q t o\ = j2 vq % L > + Yl pq = S w9 v « x * + E F " ( 7 - 4 ) 

9=1 9=1 3=1 9=1 

By introducing extended covector field F dual to extended vector field F with 
respect to metric (2.7) we can simplify (7.4) a little bit more 

n 

Q i o\ = Y,v q V q L i + F i . (7.5) 

9=1 

For Li, L q , Fi, and F q we have the following relationships: 



n n 

L i = Y,L q g qi , L q = Y. V ^ (7-6) 

q=l i=l 

n n 

F^^g^F,, F q = ^g qi F\ (7.7) 

9 =1 t=l 



Comparing (7.6) and (7.7), we see that due to asymmetry of metric (2.7) they are 
slightly different. For the sake of certainty we say that L % and L q are right-dual to 
each other, while F l and F q are left-dual. Substituting (7.5) into (7.3), we get 

n n 

U i = Y / v"V q L i -J2L q W i L q +F i . (7.8) 

9=1 9=1 

According to our convention, we omitted symbol A in left hand side of (7.8) since 
this is ultimate expression for components of covector field U in v-reprcsentation. 

Next step is to transform extended vector field a with components (5.9). By 
means of formula (3.5) for covariant derivative V r W k we derive: 

n 

\7 r W k °\ = V r L k + J2(^rV q °\)V q L k . (7.9) 
Now, if we apply formula (7.2) to V r V q ° A in formula (7.9), we obtain 

n n 

\7 r W k °\ = \7 r L k -J2J2 V rL s g qs \7 q L k . (7.10) 

9=1 8=1 

Using formula (7.10), we can transform second term in right hand side of (5.9): 

n n n n n 

7—1 r—1 9—1 r=l s—1 
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Using formulas (2.6) and (7.5), for third term in right hand side of (5.9) we derive 

n n n 

^(V^ fe Q r ) o A = E 9^ V q L k (Qr o A) = 

9=1 r=l 

n n n n \ / 

= E E E 5?r ^ Lfe w " v ^ + E F " ^ ifc - 

q=l r—1 s—1 9—1 

Transforming first term in right hand side of (5.9) needs no special efforts. Indeed, 
for V fc V r we use formula (2.7). As a result we get 

n n 

Y / (^ k V r U r )^X^Y,9 rk Ur. (7.13) 

r—1 r—1 

Components of covector field U in right hand side of (7.13) are already transformed 
to v- representation, see formula (7.8). 

In fourth term in right hand side of (5.9) we see V k Q r . Applying formulas (2.6) 
and (7.5), for this derivative we obtain the following expression: 

n n 

V fe Q r o A = ]T g qk V g (Q r o A) = 9 qk 

(7.14) 

n n n n V > 

+ E E 9 qk v s %V s i r + E E 9 qk %Fr- 

q—1 s—1 Q—1 3=1 

Using formula (7.14), for the fourth term in right hand side of (5.9) we derive 

n n n 

Y^{W r V k Q r ) o A = Y, E U 9 qk V q L r + 

r=l,=l 

n n n n n n \ / 

+ E E E 27 9 qk « s %v s x r + E E E ir 5 9fe 

q—1 r—1 s — 1 Q—1 r—1 s—1 

Last term in right hand side of (5.9) contains components of dynamic curvature 
tensor D. In p-representation they are given by formula (5.11). In v-representation 
we have analogous formula for components of dynamic curvature tensor: 

£Ypfc 

Note that (5.11) and (7.16) define two different extended tensor fields (not two 
representations of the same field). But there is very simple relationship binding 
components of these two fields in p and v-representations: 

n 
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On the base of (7.17) for last term in right hand side of (5.9) we derive: 



nun n n n n 



E E E(^ ^ r ° A = E E E E 3 mfe l. ^ rqm ^ (?.i8) 

r— 1 s— 1 g— 1 q— 1 m— 1 r— 1 s— 1 

Now we can summarize above calculations (7.11), (7.12), (7.13), (7.15), (7.18) and 
write formula for components of extended covector field a in v-representation: 



r—1 r—1 q— 1 

n n n n n 

+ EEE r 3" yS % V s ir + E E 17 9 qk %Fr + (7.19) 

q—1 r—1 5=1 q—1 r—1 

71 n n n n n 

r—1 q—1 q—1 m—1 r—1 s—1 

Second normality equation in (5.14) is written in terms of components of covector 
field t]. In order to use formula (5.13) for r\ k we should first transform covector field 
(3 with components (5.10) to v-representation. Using (3.5) and (7.2), we get 



V r U k o A = V r U k - E E V - L i 9 Sq V s U k . (7.20) 

q=l s=l 

For Uk in right hand side of (7.20) we should use (7.8) since covector field U is 
already transformed to v-representation. Substituting (7.20) into (5.10), for the 
first term in right hand side of (5.10) we derive 



n n n 



E(Vrt4 V r )o\ = J2 VrUk V r - E E E V rLq g"" V s U k V T . (7.21) 
r—1 r—1 g— 1 r—1 s—1 

In order to transform V r Uk to v-representation we apply formula (2.6). This yields 

n 

v r (y fc °A = E-9 9r %^- ( 7 - 22 ) 

q=l 

Applying (7.22) and (7.5), for the second term in right hand side of (5.10) we get 



E(^ r[/ fe Qr)°A = EE ^ % U k Fr + 

q=lr=1 (7.23) 

n n n v ' 

+ Y.Y.Y.9 qr %U k v s V s L r . 

q—1 r—1 s—1 
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In order to transform third term in right hand side of (5.10) we use (7.2) and (7.8): 



n n n 



J2 V k V r ^ = - E E E V "L q g r « v s V s L r + 

,=lr=l.=l 

n n n n n v > 

+ E E E VfeL « 9 rq l s v r L s 9 rq F T - 

q—l r—1 s—1 q—l r—1 

Further we need to transform VkQr- Using (3.5), (7.2), and (7.5), we get 

n 

V k Q r c X = V k F r + v m V fe V m L r - 

m— 1 

n n n n 

-EE ^ kL i V> p r "EE VkL i 9 S<1 V * L r - (7.25) 

q—l s—1 q—l s—1 

n n n 

- E E E VfcL « 9 Sq v m V s V m L r . 

q—l 771— 1 s—1 

Now let's substitute (7.25) into fourth term in right hand side of (5.10). This yields 

n n n n 

r—1 r—1 m—1 r—1 

n n n n n n 

- E E E U V * £ « 9 Sq V s F r - E E E ^ V * L « 9 sq V s L r - (7 .26) 

q—l r—1 s—1 q—l r—1 s—1 

n n n n 

- E E E E U VkL * 9 S " vm V s V m L r . 

q—l m—1 r—1 s—1 

Next steps are related to curvature tensors in formula (5.10). Curvature tensor R 
in v-representation is given by the following formula (see Chapter III of thesis [16]): 

r>k _ 2L _ ir I \ ^ yk pm _ pfe pra _ 

3 dm* drr^ im J> ^-^ Jm ir 

m—1 m—1 

(7.27) 

m—1 s—1 m—1 s—1 

Like (5.11) and (7.16), formulas (5.12) and (7.26) express two different extended 
tensor field in different representations. However, the relation of these two tensor 
fields can be described by the following rather simple formula: 

n n n n 

R% o A = R% +J2J2^ L « 9 sq D k jrs -EE V ^ 9 sq DL . (7.28) 

q—l s — 1 q—l s — 1 
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Components of curvature tensor R in right hand side of (7.28) are calculated ac- 
cording to the formula (7.27). Using (7.17) and (7.28), we can transform last two 
terms in right hand side of (5.10). As a result we get 



n n n n n n 

J2T,T,( R rrnkV m W r p s )°\ = -J2Y,T, R rrnkV m L r L s - 
r—1 s—1 m—1 r—1 s—1 m—1 

n n n n n 

E E E E E V m L q 9 a " D% ra v m U L s + (7 .29) 

q—l r—1 s—1 m—1 a—1 

n n n n n 

+ E E E E E 9 aq D s mra v m v l s , 

q—l r—1 s—1 m—1 a—1 

n n n n n n n 

E E E wt Qm w r p s )o\ = ^2^2 E E 5 "™ x 

r—1 s—1 m—1 r—1 s—1 m—1 a—1 

n n n n n 

x F m U ^ + E E E E E 5™ D s rka V* V q L m V L s . 

q—l r—1 s—1 m—1 a—1 



(7.30) 



Now we can summarize above calculations and write formula for components of 
covector field 0. Combining (7.21), (7.23), (7.24), (7.26), (7.29), and (7.30), we get 



n n n 



r—1 q—l g— 1 r—1 s—1 



n n 



-EE 9 rq F r+J2 Lr v * p r + E E 17 v ™ VkV m L r - 

q—l r—1 r—1 m—1 r—1 



n n n n n n n 



- E E E u v ^ 9 sq v s f r -EEEE u v ^ 9 sq ^ m * (7.31) 

q—l r—1 s—1 q—l m—1 r—1 s—1 

71 71 n n n 71 n n 

x v s v m L r - E E E R r mk " rairi s +EEEEEf°' x 

r—1 s—1 m—1 q—l r—1 s—1 m—1 a—1 

n n n n 

x V k L q D° mra v m L r L s + J2J2J2J2 9 am D s rka F m V L s . 

r—1 s—1 m—1 a—1 

Components of covector field L in (7.31) are determined by generalized Legendre 
transformation (1.6), components of its dual vector field L are given first formula 
(7.6), and components of covector field U in (7.31) are determined by formula (7.8). 
Also we should keep in mind formulas (7.7) binding vectorial and covectorial form 
of force field F and formulas (7.16) and (7.27) for curvature tensors. 

Since a and are already transformed to v-representation, formula for compo- 
nents of covector field r\ is very simple. It is derived from (5.13): 

Vk=(3 k -}_^ | L | 2 ■ ( 7 - 32 ) 

s=l ' ' 
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Here |L| 2 is v-representation of scalar field f2 (see formula (6.2)). As for weak 
normality equations, in v-representation we can use their initial form (5.14) since 
all extended tensor fields forming these equations are already transformed to v-rc- 
presentation (see (6.4), (7.19), and (7.32)). 

8. Additional normality equations in v-representation. 

Transformation of additional normality equations to v-representation consists 
in transforming extended tensor fields (5.15), (5.16), and (5.17). Components of 
projector field P, which enter to (5.18), (5.19), (5.20), and (5.22), are already 
transformed to v-representation (see formulas (6.3) or (6.4)). For A rs we have 

n 
9=1 

In deriving (8.1) we used (2.6) and (6.1). Components of tensor field B arc given 
by a little bit more complicated formula. For them we have 

n n n n 

B s = E a qr %u a + EEEs nt L - D k Sq v s L r + 

m=1 k=lq=1 _ (8.2) 

Tl TL TL Tl Qyy^—— t f QV\~1 T TYL 

+ E E ^ Lk 9 * v q v + e E 9 q i L 7 q u sLm . 

g=l fe=l q=\m=\ ' ' 

In deriving (8.2) we used formulas (7.22), (7.17), (7.10), and (2.6). In the last step 
we should transform formula (5.17) for components of extended tensor field C to 
v-representation. Using (7.20), (7.22), (7.10), (7.17), and (7.28), we get 

n n n jj j m 

C rs = V r U s "EE V '' L « 9^ %U S - E S |L p Lm ~ 
q—1 k—1 m—1 



- 2^ 2^ il|2 Lm + 2^ 2^2^ Flp m ~ 

q=\m=\ 1 1 m=\q=\k=\ 1 1 



n n n n 



(8.3) 



-EEEE L m L k L q - e E %^ LkL * - 

k—1 q—1 m — 1 a — 1 k—1 q—1 

tl tl tl ti 

k—1 q—1 m—1 a—1 

Substituting (8.1), (8.2), (8.3) into (5.18), (5.19), (5.20), we get additional normality 
equations transformed to v-representation. Formula (5.21) for scalar parameter A 
remains unchanged in v-representation as well. 

9. Connection invariance. 

Let's recall that (4.5) is a tensorial form of differential equations (1.1). In or- 
der to write (4.5) we need to choose some extended connection T in M. However, 
strong normality condition in definition 5.2, from which weak and additional nor- 
mality equation were derived in [26] , is irrelative to the choice of T when applied 
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to Newtonian dynamical system (1.1). Therefore we should prove that complete 
system of normality equations is invariant under the change of connection compo- 
nents, provided functions <I> 1 in differential equations (1.1) are unchanged. This 
means that we should consider gauge transformations 

ij ij ' ij ' 

(9.1) 

n n 
fe=l j=l 

Here X* are components of symmetric extended tensor field T. Tensor fields L, g, 
= |L| 2 , and P are obviously invariant under gauge transformations (9.1): 



Li ► Li j CJij ► Qi j , 

//'•' -.</'•'• /•' •/•'. (9.2) 

ili 2 -ili 2 , n^H- 

Applying (9.2) to (8.1), we find that extended tensor field A with components (8.1) 
is invariant under gauge transformations (9.1): 

A rs ^A rs . (9.3) 

Due to (9.3) and (9.2) additional normality equation (5.18) is invariant under gauge 
transformations (9.1). 

Applying formulas (9.1) and (9.2) to (7.7), for covectorial form of force field of 
dynamical system (4.5) we derive the following transformation rule: 

n n n 

>■■ ■>■■ • y.Y.Y.!i-ii< j <■■'■ ( 9 - 4 ) 

s=l fe=l j=l 

Connection components are used in formula (3.4). Therefore we have 

n n n 

\7 s L k - \7 s L k - ^ £ a -EE 9kb T h as 

a=l a=16=l (95) 

V s L fe - V s L k + ^ T k a L a -J2T, V<1 T as ^L k . 

a— 1 a— 1 6=1 

From (9.4) and (9.5) for covector field U wc derive transformation rule 

n n 

Ui^Ui + ^Y, 1 "^^- ( 9 - 6 ) 

q—1 r—1 

For dynamic curvature tensor D by differentiating (9.1) we get 

It, -It, V/C. (9.7) 
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Curvature tensor R is determined by connection components according to formula 
(7.28). Here we have the following transformation rule: 



s—1 m.—l 

n n n 

H - ^ ^ ^ ^ ^ -^im ^ jrs ^ ^ i^im ^jr -^j'm -^ir ) 
s—1 rn — 1 m— 1 

n n n n 

+ E E ^ -E E « m ^™ v^. 



s—1 m— 1 s—1 m—l 



Further let's derive transformation rules for covariant derivatives of covector field 
U. For covariant derivative V q U s , applying formula (9.6), we obtain 



%U S %U S + E E ^ q L k T r sk L r + 

k=l r=l 
n n n n 

+ E E L " ^ T sk ^ + E E ^ T sk %L r . 

k=lr=l fc=lr=l 

Transformation rule for covariant derivative V q U s is more complicated: 

n n n n 

V g U s - V g U s + E E T sk L r + E E L " ^ T sk Lr + 

n n n n n n 

+EE i ' £T ^ v ^-E T ^ c/ ™-EEE T ^ i ' £T ^^- 



(9.9) 



/e=l r— 1 m.—l m— 1 fc— 1 r— 1 

n n n n n n 



(9.10) 

EE^^^-EEEE^^^^^- 



m—l a—1 m— 1 a— 1 fc— 1 r— 1 

n n / n n n n 



'Y,J2 VaT ^(J2J2 Lk ^ T sk ^ + E E L ' T *k VmLr ■ 
m=\a=\ \k=lr=l fc=l r=l ) 

Now we can combine (9.9), (9.7), (9.6), and (9.5) according to formula (8.2): 

nun n n n 

B r s -5I + EEE 9 qr %L k L m + E E ^ ^ TO L m + 

q— 1 1 m—l g— 1 fc— 1 m—l 



n n n n n n 



EEE? nft ^ ^L m - E E E 5 9r ifc L ™ - E r; m j/- 

q—l k—1 m — l m—l k—1 q—l m—l 



n n n n n n n 



a— 1 b—1 q—l k—1 m—l q—l k—1 a—1 b—1 



n n n j^rir j^rm 



x T b as v* gi k %U + E E E VU2 L m L q 2* L k . 

q=lk=lm=l ' ' 
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Using (2.7) for \7 q L m and canceling similar terms in the above formula, we get 



n n n 



b : - £r + E E E L ™ t ^ n ( Ark Akr ) • (q- 11 ) 

m— 1 q— 1 k— 1 

Here we used formula (6.4) for P?. Substituting (9.11) into normality equation 
(5.19) and taking into account another normality equation (5.18), we find that 
(5.19) is invariant under gauge transformations (9.1). 

Now let's apply transformation rules (9.10), (9.9), (9.8), (9.7), (9.6), and (9.5) 
to formula (8.3) for components of covector field C in v-representation: 

n n n n n n 

a,-a s + ... + EE v ^ fcT ^^ + EE Lfcv ^^ + EE Lfcx 

k=l q=l k=l q=l k=l q=l 

n n n n n n 

x T« k v r L, - £ 5>° T ™r v m u s -j2Y, va T ™r E E (^ Lk T sk L q + 

m—1 a—1 m— 1 a— 1 k—1 q—1 

n n n n 

+ L k V m T% L q + L k T% V m L q ) - E E E E ^ ^ T st> L « 

k=l 9=1 6=1 a=l 

n n n n n n n n 

E E E E Vri, 9 kq l» v kT « b i a - E E E E ^ 9 k « l» T » b x 

k=l q=l 6=1 a=l k=l q=1 6=1 a=l 

n n n n n n n n 

xv k L a + j2Y,Y, T % L m 9 kq ^kU s +Y / T,T,T,H T "« L ™ 9 kq X 

fc=l 9=1 m=l fc=l 9=1 m—1 6=1 a=l 

n n n n n n n 

x v k L b r; b i a + EEEEE T ^ L ™ 5 fc9 £ b v fc r; b L a + E ^ x 

6—1 a—1 k—1 q—1 m—1 q—1 m—1 

n n n n n n n 



x L ™ E E E 9 k9 L b T% S7 k L a + J2J2 T ™ V m V fc [/ S + ]T ]T T ™ * 

6=1 a—1 k—1 k—1 m—1 k—1 m—1 

n n n n n n n 

x E E v ™ ^L b n L a +j2J2J2J2 T ^^ m L b v k r- b £ a + ]T « m x 

6—1 a—1 k—1 6=1 a—1 m—1 m—1 

n n n n n n n n 

x E E E T ^ L b n v fc L a + £ £ £ £ £ T ™ L » 9 am D l a L k L q + 

k—1 6=1 a—1 k—1 q—1 m—1 a—1 6=1 



n n n n n n n n 

V7 T ^am Y7 T 1 ? r fe T . 



+EEEE T ^ - b ^ l% + EEEE V ^™ s aro v.i; fc ^ 

fc— 1 9=1 a—1 6=1 fc=l 9=1 m—1 a—1 

n n n n n n n n n 

-£EEEE T ™^ * am v.!?* ^% ~EEEE T ^ - 6 ^ * 

fc— 1 9=1 m—1 a=l 6=1 fc=l 9=1 a—1 6=1 

n n n n n n n 

x -EE w L % - E E E E - m T ™ D lka L k L q - E ifc x 

fc=l 9=1 k—1 q—1 a—1 m—1 k—1 

n n n n n n 1 

x E E T rm Tr k L q +j2J2J2J2 vm T ™ ^ L k L q + w z rs . 

q=l m—1 k—1 q—1 a — 1 m — 1 
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We used Z rs in order to denote contribution of those terms in (8.3) which have 
denominator |L| 2 . By dots we denote terms symmetric in indices r and s. They do 
not affect the ultimate form of the equations (5.20). When collecting similar terms 
in the above formula some terms cancel each other. As a result we have 



n n n n 



a s -a s + ... + EE v ^ fcT ^-EEEE v ^ x 

fe=l q=l k=l q=l 6=1 a=l 

n n n n n 

x g k i V fe i b 71 L a + E E ^ L ™ 9 kq V fc C/ s +EE 9 kq * 

k— 1 q— 1 m— 1 fe=l q— 1 

nnn n n n n n 

m— 1 b— 1 a— 1 /c— 1 g— 1 m— 1 a— 1 b— 1 

fe; 



(9.12) 



xL b9 am Dl a L k L q + — Z rs . 



In deriving (9.12) we used formula g q k = ^JkL q (see (2.7) above). For Z rs in (9.12) 
we have rather huge formula derived from formula (8.3) for C rs : 



nnn 



Z ™ = - E E T ra L a L m U s +J2z2z2 Va T ar ^ L m U s 
ra-la-1 m— 1 a— 1 6— 1 

nnn n n n n 

- E E E v ^ m ^™ L<1 T s q L k E E E E T ™ ia L «> i9 ^ + 

g— 1 k—1 m—1 q—1 k—1 m— 1 a— 1 

n n n n n n n n n 

<j— 1 fe— 1 m— 1 a— 1 6—1 fe— 1 9—1 m=l c— 1 

n n n n n 

x %L fc T s c fc W ra -EEEE^ 9 qm L k V q T: k L c L m -Y,L k x 

k—1 q—1 m—1 c— 1 fe— 1 

nnn n n n n 

><EEE^ ,m T ^ v,i c i m -EEEE L ° T ™ L ^ w x 

g— 1 m—1 c— 1 g— 1 m—1 a— 1 6—1 

n n n n n n n 

xi -»-EEEEEE r ^ g qm %L k T c sk Lc L m - E ife >< 

fe— 1 q—1 m—1 a— 1 6—1 c— 1 fe— 1 

n n n n n n n n n 

x EEEEE iar ™ ^ v^ fc u m -EEEE^ 

g— 1 m—1 a— 1 6—1 c— 1 fe— 1 t/— 1 m—1 a— 1 

n n n n n n 

x £ £ It L 6 L k T c sk %L C L m - E E E E ^ T rk Lc g qk x 

6—1 c— 1 fc=l g=l m—1 c— 1 

n n n n n n 

x %i m L m - E E E E E U ' 9ke T e cr v c gi k \7 q L m L m + £ L a x 

fc=l g=l m—1 c— 1 e— 1 a— 1 

nnnn n n n n n n 

fe— 1 g— 1 m—1 6—1 fe— 1 g— 1 m—1 a— 1 6—1 c— 1 
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n n n n n n n 

x T b sa L b T r \ L c 3 9fe L m - E E E E E E E La T 'a L b 9ke x 

k—1 q—1 m—1 a—1 b—1 c—1 e— 1 

n n n n n 

x T e cr v c gt k %L m L m + E E E E ^ V a T£ U r L m L k L q - E L k x 

k—1 q—1 m—1 a—1 fc=l 
n n n n n n n n n n 

x E E E E E s a9 D ^a L b T r c b l c L m l 9 + e E E E E L " x 

g— 1 m—1 a—1 6=1 c—1 /c—1 g— 1 m—1 a—1 6—1 

n 

x Y.9 aq ^aT2L b T^ b L c L m L q . 

c=l 

Upon collecting and canceling similar terms for Z rs we get shorter expression 

n n n n n n 

Z rs = ■ ■ ■ - EE E ^rL m L m L q T k sq L k - EE E U r X 
g=l fc=l m—1 /c—1 g— 1 m—1 

n n n n n 

x E 9 qm %L k T c sk L c L m - E E E E La T "a L b 9 qm x 

c—1 g— 1 m—1 a—1 6—1 

n n n n n n 

x%^i m -EEEEEE T ™ iQi ^ 9m %i fc T s c fe x 

a—1 6—1 k—1 q—1 m—1 c—1 

n n n n n 

x L c L m - E E E E U > T rk L c 9 qk L m + Y / L a x (9.13) 

k—1 q—1 m—1 c—1 a—1 

n n n n n n n 

x E E E E T *a L b V r L k g qk %L m L m e E E L a x 

fc=l g=l m=l 6=1 a=l fc=l g=l 

n n n n n n 

x E E E T s« L b T r c k L c g« k V q L m L m -EEE^ X 

m—1 6—1 c—1 a—1 fc=l g=l 

n n n 

x E E E ^ T r % L c L m L k L q . 

m—1 6—1 c—1 

Now we can substitute (9.13) into (9.12) for further transformations. Keeping in 
mind formula (6.4) for components of projector field P, we get 

n n n / n n n n 

a s -a s + ...+EEE T ^ p ™ E-9 fcm ^ + EEE3 Qmx 

pi m-l \fc=l fc-lft-lc-l 

n n \ n n n 

x D% sa L k L c - V s L m + E E 9 kC Vfci m VA +EEE T ^ Lb X ™ ^ X 

fe=l c=l / <?=1 6=1 m=l 

x E^^^f^- + EEEEEE^^^^^x 

fc=l 1 1 g=l 6=1 m=l k=l a=l c=l 

n n n n n n r ,kq V7 r m j rpa r re 

^^-EEEEEE^^^t^- 

g— 1 6—1 m—1 /c—1 a—1 c—1 
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One can find four summands in right hand side of this relationship for C rs (sums in 
round brackets are considered as a single term). Let's transform second summand 
containing fraction with numerator skew-symmetric in indices q and m: 

^ g km V k Li - g k i V k L m _ " " g fcm V k L a - g ka V k L m 

2. m |L| 2 ~ 2. 2. ° m |L| 2 

rn — 1 a— 1 

" » g km V k L a -g ka V k L m 

+ 2.2. | L |2 ^ | L |2 

m=la=l 11 11 

Here we used formula (6.4) for again. Note that last term in right hand side of the 
above formula vanishes due to skew symmetry of the expression under summation 
with respect to indices m and a. Then for C rs we obtain 

n n n n n n n n n 

q—l 6=1 777—1 q— 1 6=1 m— 1 fc=l a— 1 c— 1 

n n n n n n ri kq V7 T m T T a T T c 

x PI g k ™ V k L« 2? B T ro L b 9 ^ ^ ■ 

g=l 6=1 ro=l fc=l a=l c=l 1 1 

In deriving this formula we used (8.2) for B™. Now we shall apply similar trick 
with skew symmetry for transforming last term in the above formula: 



n n n nun 

EEEEEE^ L < 

q—l b—1 m— 1 fe— 1 a— 1 c— 1 



g k "T/ k L m L m T« c L a L c 



n n n n n n n ke ~ 

EEEEEEE^^ f e g VkL Zf~ LaL + o.u) 

q—l 6=1 m— 1 fc— 1 a— 1 c— 1 e— 1 
" " " " " " " TIT r,ke X7 T m T T a T T c 

+ 2^l^l^l^l^2^1^ 1 r q L b -TTT2 Frl2 • 

g=l 6=1 m=l fe=l a=l c=l e=l 11 11 

Last term in (9.14) is symmetric with respect to indices r and s. Therefore we can 
denote it by dots when substituting (9.14) into formula for C rs . As a result we get 

n n n 

a 8 -a,+...+EEE^^ B » m+ 



n n n n n n 



9=lb=lm=1 (9.15) 



+EEEEEE T ^ p ^ ma ^ e c £ e . 

q—l b—1 777—1 a— 1 c— 1 e—1 

Here A ma are given by formula (8.1). Substituting (9.15) into the equation (5.20) 
and taking into account equations (5.18) and (5.19), we get 

n n n n 

^(Crs - C sr ) PI Pj *■ ^2^2^ rs ~ ^ sr ^ ^ ^/* 
r—1 s—1 r—1 s—1 
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This means that the equation (5.20) is invariant under gauge transformations (9.1). 
Summarizing this result and similar results for (5.18) and (5.19) obtained above, 
we can formulate them in the following theorem. 

Theorem 9.1. Additional normality equations (5.18) ; (5.19), and (5.20) trans- 
formed to v -representation are invariant under gauge transformations (9.1). 

Now let's consider weak normality equations (5.14). In order to prove similar 
theorem for them we should derive transformation rules for vector field a and 
covector field r\. For applying (9.1) to (7.19) we need to perform some preliminary 
calculations. From (9.5) for covariant derivative V 9 V s L r we derive 



(9.16) 



V q V s L r -> V q V s L r - J2 % T sr La-J2 T sr 9aq ~ 
a—1 a — 1 

n n n n n 

-EE %9rb T h as «° - E E 9rb %T b as v a -Y, 9rb T b qs . 

a=l 6=1 a=l 6=1 6=1 

Now, using (7.19), (9.4), (9.5), (9.6), (9.7), and (9.16), for a k wc obtain 

n n n n n n n n 

7—1 q—1 a—1 r—1 a—1 r—1 a—1 b—1 

n n n n n n n 

x ti v b L k + E E E T aj va vl v q L k E E E E u 9 qkvS L « - 

q—l a—1 j—1 q—1 r—1 s—1 a—1 

n n n n n n n n n 

r—1 s—1 q—1 r—1 s—1 a—1 b—1 a—1 b—1 

n n n n n n n n n n 

xEE^^ s %t^EEE^/^ s +EEEEE ir x 

q—1 s—1 q—1 s—1 b—1 q—1 r—1 s—1 a—1 j — 1 

n n n n n n n 

x g« k %g ra T° aj « a ^' + EEEE^ % T *i w<i ^+EEE 2LsX 

q—1 s—1 a—1 j—1 q—1 j — 1 s — 1 

n n n n n n n 

x v qk ^ uJ -EEE Lr ^ t« ia-EEEE^f" T l - a - 

q—1 r—1 a—1 q—1 r—1 a—1 b—1 

n n n n 

-EEEEs mii ^™ r ; £r " 9 

q—1 m—1 r—1 s—1 

Looking attentively at the above formula, we see that almost all terms in right hand 
side do cancel each other. As a result we get the following transformation rule: 

a k ^a k . (9.17) 

This means that first equation (5.14) is invariant under gauge transformations (9.1). 
In order to treat second equation (5.14) we need to derive transformation rule for 
covector fields j3 and rj given by formulas (7.31) and (7.32). In (7.31) we have 
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the entry of second order covariant derivative \7 k V m L r and first order covariant 
derivative V k F r . For \7 k V m L r we derive the following transformation rule: 

n n n 

V k \7 m L r -> V k X7 m L r - V fe T mr L *-J2 T ™r Vfc^a -^»"x 

a— 1 a— 1 a— 1 

n n n n n 

X E V fcffrb T a b m - E ^ V fc T am ^ - E VcL - + E T *m X 

6=1 a=l 6=1 c=l c=l 

n n n n n n 

x e i a +EEE n m ^ i£ ^, v m i c + E T ^ x 

a— 1 c— 1 a— 1 6—1 c— 1 c— 1 

n n n n n n 

xE^a+EEE T ^ r a 6 m « a - E E T ^ ^v m £, x (9 - is) 

a— 1 c— 1 a— 1 6—1 c— 1 e=l 

n n n n n n 

x« e +EEE« e T ^ v c t« r L a + e E E we ^ C V c L a + 

c— 1 e— 1 a— 1 c— 1 e— 1 a— 1 

nnnn nnnn 

a— 1 6—1 c— 1 e— 1 a— 1 6—1 c— 1 e— 1 

n n n 

X V c T a b m + E E E T ek 9rb T b am . 
a=l b=l e=l 

In a similar way for ^J k F r we derive transformation rule which looks like: 

n n n n n n 

S7 k F r -V t F r + EEE Vfc 5- T aj « a ^ + E E E VfcT i x 

s— 1 a— 1 _7= 1 s— 1 a— 1 j — 1 

n nnnn n n 

x.v-E^Fc-E^EEEs^i^^'-EE^ 

c=l .=la=U=l c=l e=l 

nnnnn n n \ / 

x^^-EEEEE^^^^^/^-EE"^ 

c— 1 e— 1 s— 1 a— 1 j — 1 c— 1 e— 1 

n n n nnnn 

x E E E r * c e f« ^ " %, -EEEE 2,,£ T ^ » « T - 

s— 1 a— 1 j=l e— 1 c— 1 s— 1 a— 1 

Now let's combine (9.1), (9.2), (9.4), (9.5), (9.6), (9.7), (9.8), (9.9), (9.10), and two 
above formulas (9.18) and (9.19). Then for (3 k given by formula (7.31) we obtain 



^a+EEE^^c^+EEE^^^+E^ 

r—1 c—1 e—1 r—1 c—1 e—1 r—1 

n n n n nnnn 

x E E LC - e E vT T ^ u m - E E E E vT T ^ LC T ™ 

c—1 e—1 r—1 m— 1 r—1 rn—1 c—1 e—1 

n n n nnnnn 

x£ e -EEE /war :^-EEEEE /var ^- iC ^ 

r—1 rn—1 a— 1 r—1 m— 1 a— 1 c—1 e—1 
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n n n n n n n n 

^c-EEEEE^^" T - L ° V™TL le-EEE T ^ ^L e X 
r— 1 rn — 1 a— 1 c— 1 e— 1 m— 1 c— 1 e— 1 

nn nnn n n n 

x EE //T - L 1+EEE f, v c ^i r +EEE f, ^ x 

r— 1 a— 1 q— 1 c— 1 r— 1 q— 1 c— 1 r— 1 

n n n n n n n 

xLCL r +j2Y,T, F9LCT kc% L r+Y,T,T, T ?j vivj v q u k +J2 vix 

q—1 c—1 r— 1 <?— 1 1 J — 1 i—1 

n n n n n n n n n 

x EEEE^^% iC ^^+EEEEE^^ 3iC ^ x 

c— 1 q—1 r—1 j—1 q—1 c—1 r—1 i—1 j—1 

n n n n n n n n n 

xi ^EEEEEl^ JiC ^%^|+EEEE^ £ ^ r,x 

q—1 c—1 r—1 i—1 j—1 q—1 r—1 s—1 c—1 

n n n n n n n n 

x v s v s L r + EEEEE^ T ^ vC 9 rq v s v s i, + E E E v ^ yS x 

q—1 r—1 s—1 c—1 e—1 q—1 r—1 s — 1 

n n n n n n n n n 

xE^^^-EEEEE^^^^^^-EEE^^ 

a— 1 g— 1 r—1 s—1 c—1 a— 1 9—1 e—1 r—1 

n n n n n n n n 

x EEE T > c s r, " ST ^«+EEEEE v ^s r, « s ^tx 

s—1 c—1 a— 1 q—1 r—1 s—1 a—1 b—1 

n n n n n n n n n n 

>- a -EEEEEE^w^w^ a -EEEE^x 

q—1 r—1 s — 1 a—1 b—1 c—1 g— 1 r—1 c—1 e—1 

n n n n n n n n 

x EEE T c^ c 5 r ^ s ^T a 6 s ^| + ^^^T^L ^F r + ^^ ff9fe x 

s — 1 a—1 b—1 g— 1 r—1 a—1 Q—1 b—1 

nn n n n n n n 

x EE^^^^-EE^^EEEs-^^^'+E 1 ^ 

r—1 a—1 Q—1 i'—l s—1 i—1 j — 1 a—1 

n n n n n n n n n n n n 

x EEEEE T ^ r, s^>^ 3 +EEEEEEE*" ax 

q—1 r—1 s—1 i—1 j — 1 q—1 r—1 a—1 b—1 s—1 i—1 j—1 

n n n n n n n 

X T b ak 9rs Tl V* ^| + EEEE U V ^rs T%j V xP + E E 9rs X 
r—1 s—1 a—1 j—1 r—1 s — 1 a—1 

n n n n n n n n 

x ^^v^^^-^E^^^-EEEEE^^ff-^x 

j — 1 r—1 c—1 r—1 c—1 s—1 a—1 j—1 

n n n n n n n n n 

^^-EEE ir ^^/ r -EEEEEE ir ^^ 3 x 

r—1 c—1 e—1 r—1 c—1 e—1 s—1 a—1 j — 1 

xv^/^EEEEEE^^^^v^/^EE^ 

r—1 c—1 e—1 s—1 a—1 j — 1 r—1 e—1 

n n n n n n n n 

x EEE^^^^^I-EEE^^^-^-EE 1 ^ 
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x^^CV^-^^^^r v™ v a V k g rb T b am - E E 27 ^ x 

a—1 m—1 r—1 a—1 6=1 m— 1 r=l 

nn n n n n n n n 

x E E ^6 V * T - yQ - E E E Lr u " 1 T ^ + E E E E ir x 

a— 1 6—1 m=l r—1 c—1 m— 1 r—1 c— 1 a— 1 

n n n n n n n 

rn — 1 r—1 c—1 a— 1 6—1 m— 1 r—1 

n n n n n n n n 

c— 1 m— 1 r—1 c— 1 a— 1 m— 1 r—1 c— 1 

n n n n n n n n 

X E E 5C T am «° - E E E E 27 T ^ ^V m L r V e + ]T £ L^"> X 
a=l 6—1 m— 1 r—1 c— 1 e— 1 rn = 1 r—1 

nnn nnnnn 

x E E E v£ T ^cT^ r L a + £ £ £ ^ £ « e T e c fe T« r V c i a + 

c—1 e— 1 a— 1 m— 1 r—1 c—1 e— 1 a— 1 

nnnnnn n n n n 

+ EEEEEE^- m - e ^v c ^TL^ + EEEE^- m x 

rn — 1 r—1 a— 1 6—1 c— 1 e— 1 m— 1 r—1 a— 1 6—1 

n n n n n n n 

X EE UeT e^r6V c T a b ro ^+^^^^^L^-^r« fe5r6 T a b m -| 
c— 1 e— 1 m— 1 r—1 a— 1 6—1 e— 1 

nnnnnn n n n n n 

g=l r—1 s— 1 c— 1 i— 1 j — 1 q— 1 r—1 s— 1 c— 1 i— 1 

n n n n n n 

x J2 VkL q g sq g rc V s 7£ «' ^ - £ E E E E 2 U ^L q g sq g rc T c sj v> + 

j — 1 g— 1 r—1 s— 1 c— 1 7—1 

nnnn n n n n n n n 

+EEEE ir ^^^v^ + EEEEEEE^^^ x 

q—l r—1 s—1 a— 1 q— 1 r—1 s— 1 a— 1 c— 1 i— 1 j — 1 

n n n n n n n 

x V s5rc ^^^i^^^^^^^^ T fe a 9 L a ffrc V s 7£ ^ + 

g— 1 r—1 s—1 a— 1 c— 1 z— 1 j— 1 

n n n n n n n n n n n 

+EEEEEE 2irT ^«^^^^EEEEE ir ^x 

q—l r—1 s—1 a— 1 c— 1 j — 1 g— 1 r—1 s—1 a— 1 6—1 

nnnnnnnn 

x 2* v a g SIJ V s .F r + ^ ^ ^ ^ ^ ^ ^ ^ Z/ r .g 9b 2* « a 5 s9 V sffrc ^- x 

g— 1 r—1 s—1 a— 1 6—1 c— 1 2—1 j — 1 

nnnnnnnn n 

x^ 3 +EEEEEEEE ir * T ^"^s re v^.^H^2x 



g— 1 r—1 s—1 a— 1 6—1 c— 1 -i— 1 j — 1 r—1 

n n n n n n n n n n n 

x EEEEEE ir ^ r ^^^^-1+EEEEE ir x 

g— 1 s — 1 a— 1 6—1 c— 1 j — 1 q—l m—1 r—1 s—1 c—1 

n n n n n n 

■ 

q—l m—1 r—1 s—1 c—1 r—1 



n n n n n n 

: V k L q g s « v m W s T^ r ^c + EEEEE^ 9 sq v m T^ r g cs + £ L r 
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n n n n n n n n n n n 

q—1 in—I s—1 c—1 e—1 q=l m—1 r—1 s — 1 c—1 e—1 

n n n n n 

x V k L q g« v m g re V s T c e m « c + E E E E E 27 ^L q g sq v m g re T* m + 

q—1 m—1 r—1 s — 1 e—1 

n n n n n n n n n n n 

+EEEEE ir ^ £ ^ s, ^^-EEEEEE irx 

q—1 m—1 r—1 s—1 a—1 q=l m—1 r—1 s—1 a—1 c—1 

n n n n n n 

x n q L a g°o v m V s T c mr L c E E E E E E U T ^ L * 9 8q v m T c mr g cs - 

q—1 m—1 r—1 s—1 a—1 c—1 

n n n n n n n n n n 

-EEEEEEE rT ^«s^ m ^ T ™" c -EEE irx 

q—1 m—1 r—1 s—1 a—1 c—1 e—1 Q—1 m—1 r—1 

n n n n n n n n n n 

xEEEE^^^^^v s T c ^^-EEEEEE ir ^x 

s—1 a—1 c—1 e—1 Q—1 m—1 r—1 s — 1 a—1 e—1 

n n n n n n 

x L a g°i v m g re T^ + EEEEEE^ ^ T «* v ° ^ ^ ^ m L r - 

q—1 m—1 r—1 s—1 a—1 b—1 

n n n n n n n n n n 

-EEEEEEE ir ^^A^ m ^ ric -EEE irx 

q—1 m—1 r—1 s—1 a—1 b—1 c—1 q—1 m—1 r—1 

n n n n n n n n n n 

x EEEE* T ^ a j^ ra Cfc-EEEEEE ir ^tx 

s—1 a—1 6—1 c—1 q—1 m—1 r—1 s—1 a—1 b—1 

n n n n n n n n 

x E E v<1 9 sq v ' m V'9re ^« c -EEEEEE r ^ v<1 9 sq * 

c—1 e—1 Q—1 m—1 r—1 s—1 a—1 b—1 

n n n n n n n n n 

x « m E E ^ v s T c e m v c ^j2J2J2J2J2J2J2 Lr 9 qb ^ k « a ^ v™ x 

c—1 e—1 Q—1 m—1 r—1 s—1 a—1 b—1 e—1 



x 9re T! m \ e E E v " 1 £r ^+EEE V * T - vm u L * + 

r—1 s—1 m—1 r—1 s—1 m—1 

n n 7i n n n n n n n 

+EEEEE /T ^™^ nr ^-EEEEE /7, ™^ mx 

r—1 s—1 m—1 b—1 a—1 r—1 s—1 m—1 b—1 a—1 

n n n n n n n n 

x du i r i,-EEEE T ™ T *r vmLrL s+Y.Hllll t l T a mr x 

r—1 s—1 m—1 a—1 r—1 s—1 m—1 a—1 

n n n n n n n n n 

- ra£r ^-EEEEE^ a v t c^i r uEEEE^ 

r—1 s—1 m—1 b—1 a—1 r—1 s—1 m—1 a—1 

n n n n n n n 

x E Tb ma V6T&. « m i r ifEEEEEE 9 cq n q L a D* mrc v ™ u l s - 

b—1 q—1 r—1 s—1 m—1 c—1 a—1 

n n n n n n n n n n 

-T.T.T.T.T.T.T.9 cq 9 q A^Dt nrc v-uL s -Y J Y.T.9 cq - 

q—1 r—1 s — 1 m—1 a—1 c—1 b—1 q—1 r—1 c—1 
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n n n n n n n n 

m—1 s—1 q—1 r—1 s—1 m— 1 c— 1 a— 1 

n n n n n n n n 

xv m U i s + EEEEEEE« q 9 Q b T b ak v a W c T r s m v m U L s \ + 

g=l r—1 s—1 m—1 c—1 a— 1 6—1 i— 1 

n ri n n n n n n n n 

x EEEEEEf am ^ ^ ^ ^ r ^-EEEE g am x 

r—1 s—1 m— 1 a— 1 6—1 j — 1 r—1 s — 1 m— 1 a— 1 

n n n n n n n 

x V a T fcr F m 17 L s - £ ^ ^ £ £ £ £ s ™ V„T£ g mb 2* „« 1? V L s . 

r—1 s—1 m—1 a— 1 b—1 i—1 j—1 

Totally in right hand side of the above formula we have 97 terms apart from 
Lets denote them by T[i]. Then formula can be written as 

97 

/3fe^/3 fc +E T W- ( 9 - 2 °) 

i=l 

Terms T[l], . . . , T[97] are divided into 11 groups separated from each other by 
vertical bars. These groups represent contributions from 11 terms in formula (7.31): 

97 = 9 + 7 + 8 + 5 + 8 + 16 + 11 + 17 + 8 + 5 + 3. 

One can find that most of terms T[l], . . . , T[97] in formula (9.20) do cancel each 
other. In the following table we collect mutually canceling terms: 



T[2] + T[82] = 


= 0, 


T[3] +T[45] = 


= 0, 


T[5] + T[43] = 


= 0, 


T[6] +T[13] = 


= 0, 


T[7] + T[14] = 


= 0, 


T[8] +T[15] = 


= o, 


T[9] + T[16] = 


= 0, 


T[U] + T[96] 


= o, 


T[12] + T[32] 


= 0, 


T[21] + T[44] 


= 0, 


T[22] + T[27] 


= 0, 


T[23] + T[28] 


= 0, 


T[24] + T[29] 


= 0, 


T[30] + T[40] 


= o, 


T[31] + T[41] 


= 0, 


T[33] + T[47] 


= 0, 


T[34] + T[61] 


= 0, 


T[35] + T[51] 


= 0, 


T[36] + T[52] 


= 0, 


T[37] + T[64] 


= 0, 


T[38] + T[83] 


= 0, 


T[39] + T[66] 


= 0, 


T[46] + T[86] 


= 0, 


T[48] + T[76] 


= 0, 


T[49] + T[77] 


= 0, 


T[50] + T[78] 


= 0, 


T[53] + T[81] 


= 0, 


T[54] + T[67] 


= 0, 


T[55] + T[68] 


= 0, 


T[58] + T[73] 


= 0, 


T[59] + T[74] 


= 0, 


T[62] + T[79] 


= 0, 


T[63] + T[80] 


= 0, 


T[65] + T[92] 


= 0, 


T[71] + T[93] 


= 0, 


T[72] + T[87] 


= 0, 


T[84] + T[91] 


= 0, 


T[85] + T[95] 


= o, 


T[88] + T[94] 


= 0, 



T[19] + T[56] + T[69] = 0, T[20] + T[60] + T[75] = 0, 

T[89] + T[97] = 0, T[4] + T[18] + T[26] + T[42] = 0. 

After all above cancellations only 7 terms T[i] survive in formula (9.20) for (3k- 

Pk-^(ik+ T[l] + T[10] + T[17] + T[25] + T[57] + T[70] + T[90]. (9.21) 



30 RUSLAN A. SHARIPOV 

Now we can write (9.21) in explicit form. This form is rather observable one: 



n n n nun 



r— 1 c— 1 e— 1 q— 1 c— 1 r— 1 



n n n n n n n 



q—l r—1 s—1 c—1 q— 1 r— 1 a— 1 , . 

9.22 

n n n n n n n n n v/ 

+EEEE ir ^^^^ + EEEEE ir ^^ x 

q—l r—1 s—1 a—1 Q—l r—1 rn — 1 s—1 a— 1 

n n n n n n 

x w m v s v m L r -EEEEEE^ T £ L - ^™rc ^ m i r ^ • 

q—l r—1 s—1 ra—1 c—1 a—1 

Looking attentively at the above formula (9.22), one can find that it can be further 
transformed. Namely, one can extract common factors in all terms: 



A-ft + EE r ^^ E" r V r L g + ^F r V r L g + 

e— 1 q—l \ r—1 r—1 

n n n n n n 

+ EEE ir ^ ^ VsL - + E F - + E E U 9 8<l VsF r + (9.23) 

s—1 r—1 c—1 r—1 r—1 s—1 

n n n n n n \ 

+ E E 9 rq vS v ^ - E E E E ^ ^™ i r - c . 

r—1 s—1 m— 1 r—1 s—1 c—1 / 

Due to the equality (7.8) we can derive the following relationship for U r and F r : 

n / n \ n / n \ 

E» r * Fr+ EX V *H =E^ r? ^+E LSV ^ • ( 9 - 24 ) 



r—1 \ s — 1 / r—1 \ s—1 / 

Combining (9.24) with (9.23) and applying formula (7.19), we can provide substan- 
tial simplification of formula (7.23). Now it looks like 

n n 
e=l g=l 

Let's remember formula (7.32) for Applying (9.6), (9.17), and (9.25) to (7.32) 
and using formula (6.4) for projector components, we derive 

n n n 

%-% + EEE T k, L e PI « S • (9-26) 

e—l q—l s—1 

If we recall first equation (5.14), we see that (9.26) is equivalent to 

Vk Vk (9.27) 



V- REPRESENTATION FOR NORMALITY EQUATIONS 



31 



This means that covector field rj is invariant under gauge transformations (9.1). 
Due to (9.17) and (9.27) both weak normality equations (5.14) are invariant under 
gauge transformations (9.1). This result can be stated as a theorem. 

Theorem 9.2. Weak normality equations (5.14) transformed to v -representation 
are invariant under gauge transformations (9.1). 

Theorems 9.1 and 9.2 mean that normality equations (5.14), (5.18), (5.19), and 
(5.20), when applied to Newtonian dynamical system (1.1), do not actually depend 
on connection components rf -. Therefore we can substitute 



and write normality equations in connection free form. In such form each term 
of these equations has no separate tensorial interpretation and one should find 
invariant (coordinate-free) interpretation for the equations in whole. However, this 
is separate problem which will be studied later. 
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